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In the Einstein frame picture of Starobinky’s R2 inflation model, cosmic inflation is driven by
a slowly rolling inflaton field, called scalaron, and followed by a coherently oscillating scalaron
phase. Since the scalaron oscillates excessively many times in its potential, which has a quadratic
minimum and is a little shallower than quadratic on the positive side, it may fragment into long-living
localized objects, called oscillons or I-balls, due to nonlinear growth of fluctuations before reheating
of the universe. We show that while parametric self-resonances amplify scalaron fluctuations in the
Minkowski background, the growth cannot overcome the decay due to expansion in the Friedmann
background after R2 inflation. By taking into account back-reaction from the metric of spacetime,
modes that are larger than a critical scale are indeed amplified and become non-decaying. However,
those non-decaying modes are not growing enough to form spatially localized lumps of the scalaron.
Thus, reheating processes are unaltered by oscillons/I-balls and they proceed through perturbative
decay of the scalaron as studied in the original work.
I. INTRODUCTION
The R2 inflation [1, 2] is one of the oldest models
of inflation [3] proposed even before puzzles of the hot
big bang cosmology, such as the horizon, flatness, ho-
mogeneity, isotropy, entropy, and monopole problems,
were claimed to be solved by the quasi-exponential ex-
pansion of the universe [4–7]. Soon after the model
was announced by Starobinsky, Mukhanov and Chibisov
[8, 9] realized that cosmological fluctuations resulting
from quantum fluctuations were generated to seed the
almost scale-invariant initial density fluctuations (with a
logarithmic dependence on wave number) to form cosmic
structures like galaxies and galactic clusters. The R2
inflation is unique in the sense that the quasi-DeSitter
phase is achieved only by gravitational degrees of free-
dom; a homogeneous condensate of scalar gravitons
(dubbed scalarons) slowly evolves to an oscillating phase
and perturbatively decays into relativistic particles via
production of conformally non-invariant particles that
exist in the universe [2, 10].
Observationally, anisotropy of the Cosmic Microwave
Background (CMB) is measured in the full sky with
multiple frequency bands and high precision by satellite
missions, such as WMAP [11] and Planck [12], to test
inflationary predictions. Remarkably, Mukhanov and
Chibisov [8] predicted that the primordial spectrum of
curvature fluctuations for k  aH is given by (see Eq. (9)
of [8] and Appendix of [11] for a review)
Pζ(k) ∼ M
2
M2p
(
1 +
1
2
ln
aH
k
)2
, (1)
where M is the scalaron mass and Mp ≡ 1/
√
8piG the
reduced Planck mass. It implies a slightly red spectrum
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with
ns − 1 = d lnPζ(k)
d ln k
∣∣∣∣
k=k∗
= − 2
N∗ + 2
, (2)
where N∗ is the number of e-folds at the CMB scale.
With N∗ = 50, for instance, ns ≈ 0.96, which is in good
agreement with [11, 12].
Even though high-precision observations have excluded
many classes of inflationary models, some physics of in-
flation remain to be unveiled so as to further constrain
the observationally qualified models, including the R2 in-
flation. Especially, the physics of reheating after inflation
is not fully understood since fluctuations of matter fields
or the inflaton itself would be enhanced by parametric
resonances due to the oscillation of the inflaton, called
preheating [13, 14] (also see [15] for earlier works). Un-
derstanding of the reheating epoch is getting more impor-
tant as the precise value ofN∗ depends on duration of this
epoch and results in precise predictions of inflationary
models. The nonlinear evolution of matter and/or infla-
ton fluctuations due to preheating, if it happens, changes
the dynamics of the inflaton decay [14] and/or produces
observable signals, such as gravitational waves on small
scales [16, 17].
It has been pointed out that the non-perturbative ef-
fect enhances the inflaton fluctuations during the post-
inflationary oscillation phase, such that the coherent in-
flaton field fragments into massive, long-lived, localized
objects (often called oscillons [18] or I-balls [19]) if the
inflationary potential is shallower than quadratic away
from the minimum [20] (also see [21, 22] in different con-
texts). The shallow potentials include Starobinsky’s R2
inflation model in the Einstein frame. The oscillons/I-
balls are the quasi-stable, spherical, soliton-like solution
of non-linear scalar field excitations whose pressure from
the gradient term is balanced with the attractive force
from the shallower potential; thus once they are formed,
their decays are limited only on the surface with constant
energy density decoupled from the Hubble expansion.
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2The decay rate of the inflaton is therefore significantly
altered from the standard perturbative decay [22–24].
In previous works [20] the criteria of formation of
oscillons/I-balls were obtained. The Floquet theory indi-
cates that each k-mode of inflaton fluctuations has an ex-
ponential instability δφk(t) = p+(t)e
µkMt + p−(t)e−µkMt
within the set of resonance bands during preheating,
where M is the inflaton mass, p±(t) are periodic func-
tions and µk is the Floquet exponent. If µkM is real and
larger than the Hubble rate Hf at the end of inflation,
the inhomogeneous k-mode can grow exponentially; res-
onance generates large over-densities that may fragment
into oscillons/I-balls. Especially the fourth Ref. of [20]
revealed that strong resonance with [µkM/H]max & 10 is
both necessary and sufficient for prompt, copious forma-
tion of oscillons/I-balls by performing numerical simula-
tions with a fairly generic class of inflaton potentials.
In this paper, we study the dynamics of the infla-
ton field (scalaron) during the post-inflationary oscilla-
tion epoch after R2 inflation [1]. This inflation model
is highly motivated since it is parametrized only by one
parameter and its prediction of the spectral index and
the tensor-to-scalar ratio is located at the central value
of observational results by WMAP [11] and Planck [12].1
In addition, since the identity of the inflaton is homo-
geneous condensate of scalar gravitons, it universally in-
teracts with elementary particles in the standard model
(and beyond), only with gravitational strength; thus, the
perturbative decay processes can be computed with the
known parameters. However, the nonlinear evolution of
the scalaron fluctuations themselves is yet fully under-
stood. The potential of Starobinsky’s inflation is shal-
lower than quadratic away from the minimum on the
positive side; thereby, the scalaron fluctuations could be
amplified during the reheating epoch and fragment into
quasi-stable lumps (oscillons/I-balls). In this case, the
perturbative analysis of reheating after R2 inflation is
significantly altered. Therefore, we will clarify this issue.
The organization of this paper is the following. First,
we review Starobinsky’s model of inflation and its pre-
dictions in Sec. II. Second, we study the enhancement of
the scalaron fluctuations in a static Minkowski spacetime
(H = 0) in Sec. III. We then study the enhancement in
an expanding Friedmann spacetime in Sec. IV. Finally,
we make concluding remarks in Sec. V. We work with
the metric signature (−,+,+,+), Rαµβν = ∂βΓαµν + · · ·
and Rµν = R
α
µαν for convention.
1 The BICEP2 collaboration [25] has recently announced the de-
tection of B-mode polarization at degree angular scales and pro-
vided the tensor-to-scalar ratio r = 0.16+0.06−0.05 with the dust re-
moval, which is in tension with the full-sky multiple-band tem-
perature result of Planck [12]. Since BICEP2 could reject the
dust component only at 2.2σ, their result should be confirmed
by other experiments [26].
II. SUMMARY OF STAROBINSKY’S
R2-INFLATION
We consider Starobinsky’s model [1] whose action is
given by
S =
∫
d4x
√−gM
2
p
2
F (R) +
∫
d4xLmatt[gµν , χ, ψ,Aµ],
F (R) = R+
R2
6M2
. (3)
It is well known that the above F (R) gravity (3) is con-
formally equivalent to the Einstein gravity with a scalar
field minimally coupled to gravity [27–30]. Let us first
define a scalar field f as
f = f(R) = F ′(R). (4)
Since f(R) = 1 + R/(3M2) is invertible, we can invert
the functional to get
R = R(f). (5)
The Legendre transform of the gravitational Lagrangian
is then given by
F ∗(f) = F [R(f)], U(f) = fR(f)− F ∗(f), (6)
Lgrav =
M2p
2
√−g[fR− U(f)]. (7)
As the scalar f is a propagating degree of freedom, we
can add a “gauge-fixing” term to define its propagator:
Lgrav =
M2p
2
√−g[fR− U(f)− γ(∂f)2], (8)
where γ is a scalar function and usually positive definite
from unitarity. Note however that a propagating degree
of freedom φ = Mpγ
1/2f would be a non-ghost even when
γ is negative in the presence of the non-minimal gravi-
tational coupling f(φ)R. In this way, we can regard the
R2 gravity as Brans-Dicke type f(φ)R gravity theories.
Let us next rescale the metric as
gˆµν = fgµν , (9)
Lgrav =
M2p
2
√
−gˆ
[
Rˆ− 3
2
gˆµν∂µ(ln f)∂ν(ln f)
−γ
f
(∂ˆf)2 − U(f)
f2
]
, (10)
where
√−g = f−2√−gˆ and R = f [Rˆ + 3ˆ(ln f) −
3
2 gˆ
µν∂µ(ln f)∂ν(ln f)] have been used and a total deriva-
tive term has been set to zero. Since df = f ′(φ)dφ is
integrable, we redefine the scalar field f to be canoni-
cally normalized as
φ = Mp
∫
dφ˜f ′(φ˜)
(
3
2f2
+
γ(φ˜)
f
)1/2
, (11)
3which makes sense only if the integrand inside the square
root is positive definite. In fact, one can choose γ = 0
without having a problem of strong coupling, thanks to
the presence of the second term in Eq. (10). In this case,
the integration is easily carried out and we get
f = 1 +
R
3M2
= e
√
2
3
φ
Mp , (12)
V (φ) =
M2pU(f)
2f2
=
3M2M2p (f − 1)2
4f2
=
3M2M2p
4
(
1− e−
√
2
3
φ
Mp
)2
. (13)
Then the gravitational Lagrangian reads [28, 29]
Lgrav =
√−g
[
M2p
2
R− 1
2
∂µφ∂µφ− V (φ)
]
, (14)
where we have redefined R with the rescaled metric and
removed carets (ˆ) on variables. We call this conformally
(Weyl) rescaled frame the Einstein frame, where φ is the
canonically normalized scalar field that drives inflation
in the early universe (dubbed inflaton or scalaron).
In the Einstein frame picture, inflation takes place dur-
ing slow rolling of the scalaron on the flat part of its
potential V (φ) [Eq. (13)]. Therefore, we can use stan-
dard formulas on potential-driven slow roll inflation in
the literature (see, e.g., [12, 31] for reviews). The power
spectra of primordial curvature and gravitational wave
perturbations (ζk and γ
+,×
k , respectively) on large scales
are given by
Pζ(k) = k
3
2pi2
|ζk|2 ' H
2
8pi2M2p
' V
24pi2VM4p
, (15)
Pγ(k) = k
3
pi2
|γk|2 ' 2H
2
pi2M2p
' 2V
3pi2M4p
, (16)
where all quantities are evaluated at the CMB scale k =
k∗ and slow roll parameters are defined as
 = − H˙
H2
, V =
V ′2M2p
2V
. (17)
From Eqs. (13), (15) and (17), we get
Pζ(k∗) ' 3M
2
128pi2M2p
e
2
√
2
3
φ∗
Mp ' N
2
∗M
2
24pi2M2p
, (18)
where the number of e-folds is given by
N∗ = −
∫ ∗
f
dtH ' 3
4
e
√
2
3
φ∗
Mp . (19)
The unique parameter, scalaron mass M , is thus fixed
by the COBE-WMAP normalization of the amplitude of
curvature perturbations as [29, 32–34]
M ' 10−5Mp 4pi
√
30
N∗
( Pζ(k∗)
2× 10−9
)1/2
(20)
∼ 10−5 Mp ∼ 1027cm−1 ∼ 1051Mpc−1,
which is roughly the physical size of the Hubble horizon
at the end of inflation.
The primordial amplitude of gravitational waves is
characterized by the ratio between Eqs. (16) and (15):
r =
Pγ(k)
Pζ(k) ' 16 '
12
N2∗
. (21)
Scale dependences of the primordial spectra are given
by
ns − 1 = d lnPζ(k)
d ln k
' −6V + 2ηV ' − 2
N∗
, (22)
nt =
d lnPγ(k)
d ln k
' −2V ' − 3
2N2∗
, (23)
dns
d ln k
' 16V ηV − 242V − 2ξ2V ' −
2
N2∗
, (24)
dnt
d ln k
' 4V ηV − 82V ' −
3
N3∗
, (25)
where we have used V ' 3/(4N2∗ ), ηV = V ′′M2p/V '
−1/N∗ and ξ2V = V ′V ′′′M4p/V 2 ' 1/N2∗ .
A precise value of N∗ depends on particle contents of
the universe and how they couple to the inflaton dur-
ing reheating. How does reheating take place after the
R2-inflation? The matter sector is assumed to be confor-
mally coupled to gravity in the original work [1, 2], where
he estimated the gravitational decay rate of the scalaron
by using Bogoliubov’s method in the Jordan frame (see
also [10, 35]). In this frame, the Ricci scalar becomes
dynamical, contrary to general relativity, and starts os-
cillating after inflation. It is similar to a dust-dominated
phase.
In the Einstein frame picture, we can do the equivalent
analysis. Expanding the scalaron potential (13) around
the origin, we get V (φ) ' M2φ2/2 + · · · for φ . Mp.
Thus we can interpret an oscillating homogeneous field
φ as a condensate of massive scalar particles (scalarons)
with zero momenta and mass M . When the metric is
rescaled, interaction between the scalaron and matter
sector is semi-classically [36] and quantum mechanically
[37] induced as
Lmatt√−gˆ =− gˆ
µν(Dµχˆ)∗Dν χˆ− λχ(χˆ∗χˆ)2 −
m2χ
f
χˆ∗χˆ
− ˆ¯ψ
[
eˆµαγ
α(∂µ − Γˆµ − igAˆµ) + f−1/2mψ
]
ψˆ
− 1
4
Fˆµν Fˆµν +
βh(g)
2g
(ln f)Fˆµν Fˆµν , (26)
where the standard model is symbolically treated as the
matter sector in which fields of spin-0 (χ), spin-1/2 (ψ)
and spin-1 (Aµ) are rescaled as
χˆ = f−1/2χ, ψˆ = f−3/4ψ, (27)
Aˆµ = Aµ, Aˆ
µ = f−1Aµ, (28)
4respectively, and the covariant derivative for scalars is
defined as
Dµχˆ = ∂µχˆ+ χˆ∂µ(ln f1/2)− igAˆµχˆ. (29)
The spin connection is conformally invariant: Γˆµ = Γµ
(see footnote 4 of [37]). The gauge coupling constant is
denoted by g and its running is associated with the beta
function from heavy intermediate particles βh(g). Insert-
ing ln f =
√
2/3(φ/Mp) into Eq. (29) while expanding
Eq. (12) as
f = 1 +
√
2
3
φ
Mp
+
1
3
(
φ
Mp
)2
+ · · · , (30)
we get order by order expansion of the interaction La-
grangian with respect to φ. The scalaron φ can decay
into the matter sector via trilinear interactions [37]:
L3leg√−g =
−1√
6Mp
χ∂µχ∗∂µφ− 1√
6Mp
χ∗∂µχ∂µφ
+
2m2χ√
6Mp
φχ∗χ+
m2ψ√
6Mp
φψ¯ψ
+
βh(g)
2
√
6gMp
φFµνFµν
=
2√
6Mp
φ∂µχ∗∂µχ+
4m2χ√
6Mp
φχ∗χ+
m2ψ√
6Mp
φψ¯ψ
+
βh(g)
2
√
6gMp
φFµνFµν , (31)
where we have integrated by parts, used equations of mo-
tion for χ and χ∗ to get the second equality, and omit-
ted carets on the variables. Note that we did not take
a unitary gauge because the electroweak gauge symme-
try is likely to be restored due to thermal corrections
from standard model particles before the scalaron de-
cay.2 Otherwise, it is convenient to take a unitary gauge
with massive gauge bosons.
Based on the above gravitationally induced couplings,
the scalaron decay rate is given by [36, 37] (also see [39,
2 Even though the universe has not been thermalized before
the scalaron decay, homogeneous Higgs condensate [38] that is
formed during inflation starts to oscillate soon after inflation and
decays into quarks and gauge fields, with which a Higgs boson
is in thermal equilibrium and acquires thermal mass ∼√λχT ≈
0.1g
−1/4
∗
√
λχHosc  Γ(χ→ SM particles) larger than the elec-
troweak scale during the oscillating stage of scalaron. As a result,
the electroweak gauge symmetry is restored during preheating.
Since the energy density of the relativistic particles is subdomi-
nant and decreases faster than ρφ ∼M2pH2osc ∝ a−3, there is no
sizable back-reaction on the dynamics of scalaron.
40])
Γtot = Γ(φ→ χ+χ−) + Γ(φ→ ψ¯ψ) + Γ(φ→ 2Aµ),
Γ(φ→ χ+χ−) = Nχ
[
M2(1 + 6ξ) + 2m2χ
]2
96piMM2p
√
1− 4m
2
χ
M2
,
(32)
Γ(φ→ ψ¯ψ) = NψMm
2
ψ
48piM2p
(
1− 4m
2
ψ
M2
)3/2
, (33)
Γ(φ→ 2Aµ) = NAM
3
192piM2p
 α√
8pi
∑
i=heavy
bi
2 , (34)
where Nχ, Nψ and NA are the number of modes for each
field. In Eq. (32), we have included non-minimal gravita-
tional coupling to the Higgs boson ξRχ∗χ. If ξ = −1/6, χ
is conformally coupled to gravity and the induced deriva-
tive coupling cancels out; as a result, the leading term in
Eq. (32) vanishes. We shall assume a minimal coupling
of the Higgs boson to gravity (ξ = 0) to avoid complexity
for now. As is well known, massless fermions are confor-
mally invariant and the decay rate to a pair of massless
fermions vanishes [see Eq. (33)]. These rates are consis-
tent with the Jordan frame analysis [2, 10, 35].
Although the scalaron cannot decay into gauge fields
classically, it does quantum mechanically via the gauge
trace anomaly process with the rate of Eq. (34), where
α = g2/(4pi) and bi’s are the lowest coefficients of
the beta functions from charged particles heavier than
the scalaron. In the original setup [1], the gravita-
tional trace anomaly induces the R2 term whose di-
mensionless constant M2p/M
2 ∼ O(1010) is required to
match with the observed amplitude of primordial curva-
ture perturbations, which would naively imply the ex-
cessive number of degrees of freedom Ngrav ∼ O(1010)
(also see [41, 42]). Even if a tiny fraction of Ngrav is
charged under the standard model gauge group, we can
expect |∑i=heavy bi| ∼ O(102) − O(104) at reheating
while avoiding strong couplings at inflationary energy
scales. Since the gauge coupling constants take values
of α/(
√
8pi) ∼ O(10−2) − O(10−1) at the energy scale
∼ O(109 GeV) [43], the anomaly process could dominate
over the scalar channel. In this case, the shadow of heavy
charged particles determines the reheating process [37].
Note that this apparently controversial property is sim-
ilar to the gauge trace anomaly of quantum chromody-
namics [44] and to the super-Weyl-Ka¨hler anomaly [45].
If there is no charged particle heavier than the scalaron
at reheating, then the anomaly process cannot be ex-
pressed by the local effective Lagrangian [the last term
of Eq. (26)]. In this case, the anomalous decay rate has
to be computed directly from loop diagrams with light
intermediate charged particles as in [37].
Now we can estimate the reheating temperature by
using the scalaron decay rate (or equivalently lifetime)
5as
Trh =
√
ΓtotMp
(10pi2)1/4
( g∗
100
)− 14
'M
√
M
Mp
√
Nχ + 2NA
[
α√
8pi
∑
i bi
]2
8pi(90)1/4
( g∗
100
)− 14
∼ 10−9Mp, (35)
where g∗ = g∗(Trh) is the effective number of relativistic
species at the time of reheating and the reheating tem-
perature Trh is defined by the moment: Γtot = 3H =
3pig
1/2
∗ T 2rh/(
√
10Mp). To get Trh = O(109 GeV), we have
assumed the standard model g∗ = 106.75 as the matter
sector and that the scalar decay channel is dominant with
Nχ = 4 and ξ = 0 for the Higgs boson. If the anomaly
channel is dominant, the reheating temperature can be as
high as ∼ O(109 − 1012 GeV) depending on the number
of heavy charged modes.
Since the scalaron oscillation phase evolves as a dust-
dominated phase, the number of efolds at the CMB scale
and the reheating temperature are associated by [31]
N∗ ' 54 + 1
3
ln
(
Trh
109 GeV
)
, (36)
which completes the theoretical predictions from the R2
inflation.
In the following sections, we analyze the dynamics
of the scalaron oscillations during the post-inflationary
epoch in the Einstein frame and see whether the predic-
tions in this section are modified or not.
III. INSTABILITY (H = 0)
In order to form soliton-like objects, oscillons/I-balls,
fluctuations of the scalaron field value must grow compa-
rable to its background value. Here, we study the growth
of linear fluctuations in a static Minkowski spacetime
(H = 0) both numerically and analytically.
In a static spacetime, the equation of motion (EOM)
for the scalaron is given by
φ¨(x, t)−∇2φ(x, t) + V ′(φ) = 0, (37)
with Eq. (13).
Dividing φ(x, t) into the background and fluctuations
as φ(x, t) = φ0(t) + δφ(x, t), we rewrite the EOM for φ0
and δφ as
φ¨0 + V
′(φ0) = 0, (38)
δφ¨k + k
2δφk + V
′′(φ0)δφk = 0, (39)
where
V ′(φ) =
√
3
2
M2Mp
[
1− e−
√
2
3
φ
Mp
]
e
−
√
2
3
φ
Mp , (40)
V ′′(φ) = M2
[
−1 + 2e−
√
2
3
φ
Mp
]
e
−
√
2
3
φ
Mp . (41)
We have defined the mode function δφk by promoting δφ
to an operator δ̂φ in the Heisenberg picture as
δ̂φ(k) =
∫
d3x δ̂φ(x)e−ik·x
=δφkaˆ(k) + δφ
∗
−kaˆ
†(−k), (42)
where aˆ(k) and aˆ†(k) are annihilation and creation op-
erators with [aˆ(k), aˆ†(k′)] = (2pi)3δ3(k−k′) and zero for
other commutators.
A. Numerical result
We integrate the coupled Eqs. (38) and (39) numeri-
cally with the Runge-Kutta 4-th order. In Eq. (39), the
frequency of the fluctuations, ω2k = k
2+V ′′(φ0), depends
on the background field φ0, which would amplify fluctua-
tions if modes are in resonance bands. We set the initial
values as Φ ≡ φ0(t0) = 2, 0.5, 0.1, 0.01 [Mp] for the
background field, φ˙0(t0) = 0 for the initial field velocity,
and δφk(t0) = 10
−5 [MpM−3/2] for every k-mode of the
field fluctuations. Since φ0(tf ) ≈ 0.94Mp at the end of
inflation, these initial conditions will be relevant as time
evolves.
Fig. 1 shows the time evolution of the fluctuations for
different Φ. Each panel shows a power spectrum of δφk at
four or five time slices. For Φ & 0.1Mp, the fluctuations
are amplified around a particular scale k ∼ 0.1 M , and
for Φ . 0.01Mp they are amplified around k ∼ 0.01 M .
We find from Fig. 1 that the typical time scale of the
amplification, if it happens, is larger than hundred unit
times, ∆t & 100/M . Thus, the scalaron self-interactions
induce instabilities that grow after teens of oscillations.
This self-resonance of scalaron fluctuations can be un-
derstood analytically by the Floquet solutions of the
Mathieu equation [46] as in the standard analysis of para-
metric resonance [14, 47].
B. Analytical understanding
Expanding the exponential factor of the potential term
in Eq. (38) as V ′ 'M2φ0+· · · , we approximate the back-
ground solution as a harmonic oscillator with frequency
M : φ0(t) ' Φ cos(Mt), where Φ ' constant. This back-
ground oscillation leads to the time-dependent frequen-
cies of the fluctuations, and eventually to instabilities.
To clarify self-resonance bands, we expand Eq. (41) up
to quadratic terms as
V ′′ 'M2
[
1−
√
6
φ
Mp
+
7
3
(
φ
Mp
)2]
. (43)
Then Eq. (39) reads
δφ¨k + ω
2
kδφk = 0, (44)
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FIG. 1. Time evolution of the fluctuations from t = 0[1/M ] for each initial amplitude of the background field Φ/Mp =
2, 0.5, 0.1, 0.01. Each line is the snapshot of the spectrum of the fluctuations at several times. The vertical axis δφk is the
Fourier mode of the fluctuation δφ(x) and the horizontal axis k is the corresponding momentum.
where
ω2k =k
2 +M2
[
1 +
7
6
(
Φ
Mp
)2]
−
√
6M2
Φ
Mp
cos(Mt) +
7
6
M2
(
Φ
Mp
)2
cos(2Mt).
(45)
For smaller Φ, the time dependence of the frequency (45)
is dominated by cos (Mt), while for the larger Φ, it is
also contributed by a higher harmonic, cos (2Mt). We
parametrize a contribution of the higher harmonic by
taking a ratio of the two coefficients:
α ≡ 7
6
√
6
Φ
Mp
. (46)
When α . 1, the expansion of the potential makes
sense. In this case, Φ . 2Mp and the lower harmonic
dominates the frequency:
ωk ' k2 +M2
[
1 +
7
6
(
Φ
Mp
)2]
−
√
6M2
Φ
Mp
cos(Mt).
(47)
Redefining the time variable as Mt ≡ 2Tˆ , we can trans-
form the EOM for δφk [Eq. (39)] into the Mathieu equa-
tion:
δφ′′k +
[
A1k − 2q1 cos(2Tˆ )
]
δφk = 0, (48)
where a prime denotes a derivative with respect to Tˆ .
Parameters q1 and A1k are defined as
q1 ≡ 2
√
6
Φ
Mp
, (49)
A1k ≡ 4 + 4
(
k
M
)2
+
7
36
q21 . (50)
The Mathieu equation (48) has a growing mode solution
that leads to instabilities. The instabilities are classified
to two cases, whether q < 1 or q > 1. When q < 1, a
growth of the fluctuations can be induced by a narrow
resonance [13] whose instability mode is characterized by
the parameter Ak = n
2, where n is a natural number.
When q > 1, a growth of the fluctuations can be induced
by a broad resonance [14]; namely, instabilities occur at
the break down of the adiabatic condition: |dω/dt|/ω2 >
1.
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FIG. 2. Instability modes of the broad resonance for α <
1 and initial amplitudes Φ/Mp = 2, 1, 0.5, 0.1. The vertical
axis is the right-hand side of the resonance condition (51).
The horizontal axis is the time variable which is defined as
θ ≡ Mt (modulo 2pi). The enhancement of the fluctuations
occurs in k2/M2 > 0 region.
For 0.2Mp . Φ . 2Mp such that q1 & 1, enhance-
ment of the fluctuations would be induced by a broad
resonance. Substituting the frequency (47) into the non-
adiabatic condition |dω/dt|/ω2 > 1, we get(
k
M
)2
<− 1− 7
6
(
Φ
Mp
)2
+
√
6
Φ
Mp
cos(Mt)
+
(
3
2
) 1
3
(
Φ
Mp
) 2
3
|sin(Mt)| 23 , (51)
which yields a broad resonance band. Fig. 2 shows the
right-hand side of Eq. (51). An exponential instability
takes place if the adiabatic condition is violated, i.e. if the
lines in Fig. 2 lie above zero for some time. We find the
instability can occur for Φ = 0.5Mp within 0 ≤ k/M <
0.47, which explains the broad resonance band of the
right top panel in Fig. 1. For Φ = 2Mp, even though
q1 = 4
√
6 > 1, the broad resonance condition [Eq. (51)
and Fig. 2] indicates that there is no instability band due
to the lower harmonic frequency. In this case, however,
the higher harmonic becomes important, which we will
explain later.
For Φ < 0.2Mp, parameter q1 is smaller than 1, and
a growth of the fluctuations can be induced instead by
narrow resonance. The narrow resonance condition for
the Mathieu equation (48) is given by [46, 47]
− q
n
nn−1
. Ak − n2 . q
n
nn−1
, (52)
where n is a natural number. The width of parametric
resonance bands rapidly decreases as qn for large n, and
the rate of exponential growth does as well. Thus, lower
resonance bands are more important.
Since there is no real solution for n = 1 and Ak = A1k,
the second instability band is the most important. In
this case, the condition (52) can be given more precisely
by (see Sec. 20.2.25 of [46])
− q
2
12
< Ak − 4 < 5q
2
12
, (53)
and thus for q = q1 and Ak = A1k
0 ≤ k
M
<
q1
3
√
2
. (54)
The narrow resonance condition tells that, for Φ = 0.1Mp
and 0.01Mp, the instabilities occur within 0 ≤ k/M <
1/(5
√
3) ≈ 0.115 and 0 ≤ k/M < 1/(50√3) ≈ 0.0115,
respectively. This explains the growth of the fluctuations
in the bottom panels in Fig. 1.
For α & 1 (namely Φ & 2Mp), the perturbative trun-
cation of the potential (43) fails. Still, it is instructive to
show how the instabilities in Fig. 1 are induced in this
case, by estimating a contribution from the higher har-
monic cos (2Mt). The frequency of the fluctuations is
approximated as
ωk ' k2+M2
[
1 +
7
6
(
Φ
Mp
)2]
+
7
6
M2
(
Φ
Mp
)2
cos(2Mt).
(55)
For this frequency, shifting the time as 2Mt→ 2Mt+ pi
and redefining the time variable as 2Mt ≡ 2Tˆ , we can
transform the EOM for δφk as
δφ′′k +
[
A2k − 2q2 cos(2Tˆ )
]
δφk = 0, (56)
where a prime denotes a derivative with respect to Tˆ .
Parameters q2 and A2k are defined as
q2 ≡ 7
12
(
Φ
Mp
)2
, (57)
A2k ≡ 1 +
(
k
M
)2
+ 2q2. (58)
For Φ ≥ 2Mp (i.e. α ≥ 7/(3
√
6) ≈ 0.95), the parameter
q is larger than 1 as q2 ≥ 7/3 ≈ 2.3. Thus, instabilities
can be induced by broad resonance due to the second
harmonic cos (2Mt) [and a linear combination of higher
harmonics cos (nMt)].
Substituting the frequency (55) into the non-adiabatic
condition |dω/dt|/ω2 > 1, we get the following inequality(
k
M
)2
<− 1− 7
6
(
Φ
Mp
)2
[1 + cos(2Mt)]
+
(
7
6
) 2
3
(
Φ
Mp
) 4
3
|sin(2Mt)| 23 . (59)
The k-modes, that satisfy the above condition (59), ex-
ponentially grow with respect to time. Fig. 3 shows the
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FIG. 3. Instability modes of the broad resonance for
α > 1 and initial amplitudes Φ/Mp = 10, 2, 1. The verti-
cal axis is the right-hand side of the resonance condition (59).
The horizontal axis is the time variable which is defined as
θ ≡ 2Mt (modulo 2pi). The enhancement of the fluctuations
occurs in k2/M2 > 0 region.
right-hand side of the resonance condition (59). Insta-
bilities occur if the lines lie above zero for some time.
For Φ = 2Mp and 10Mp, broad resonances are induced
within 0 ≤ k/M < 0.37 and 0 ≤ k/M < 2.2, respec-
tively. These k-modes explain instabilities in the upper
left-hand of Fig. 1 and Fig. 4, respectively.
In this section, we have investigated the exponen-
tial growth of the scalaron fluctuations with the po-
tential (13) in a static Minkowski spacetime. We have
found that narrow and broad parametric resonances are
induced by the background oscillations of the scalaron
with self-interactions (45). For small amplitudes of the
background oscillations Φ < 0.2Mp, the second band of
narrow resonance amplifies the scalaron fluctuations. On
the other hand, for large amplitudes Φ & 0.2Mp, the
effects of broad resonance amplify the scalaron fluctua-
tions either by a harmonic cos (Mt) if Φ < 2Mp or by a
linear combination of higher harmonics
∑
n≥2 cos (nMt)
if Φ & 2Mp. Therefore, in a Minkowski spacetime, the
oscillating scalaron is highly likely to fragment into quasi-
stable objects during the post-inflationary epoch. To
confirm the formation of oscillons/I-balls, we have to fol-
low the non-linear dynamics of the field fluctuations by
using lattice simulations. However, before executing lat-
tice simulations, we must take into account the effects of
a more realistic spacetime.
IV. INSTABILITY (H 6= 0)
So far, we have ignored the expansion of the universe
in the analysis of parametric resonances. Since the ex-
pansion stretches and diminishes the fluctuations, pre-
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FIG. 4. Time evolution of the fluctuations from t = 0[1/M ]
to t = 103[1/M ] for Φ/Mp = 10. Each line is the snapshot of
the spectrum of the fluctuations at several times. The vertical
axis δφk is the Fourier mode of the fluctuation δφ(x) and the
horizontal axis k is the corresponding momentum.
heating may be less efficient in an expanding Friedmann
background.
A. Rigid Friedmann background
At first, for simplicity, we ignore back-reaction from
metric perturbations on δφk. In a flat Friedmann-
Lemaˆıtre-Robertson-Walker (FLRW) spacetime, the
EOM for φ is given by
φ¨+ 3Hφ˙− ∇
2
a2
φ+ V ′(φ) = 0, (60)
H2 =
1
3M2p
[
φ˙2
2
+ V (φ)
]
, (61)
where a is the FLRW scale factor. Dividing again φ
into the background and fluctuations as φ(x, t) = φ0(t)+
δφ(x, t), we rewrite the EOM for φ0 and δφ as
φ¨0 + 3Hφ˙0 + V
′(φ0) = 0, (62)
δφ¨k + 3Hδφ˙k +
k2
a2
δφk + V
′′(φ0)δφk = 0, (63)
where we have approximately determined the Hubble
parameter by the background field as H2 ' [φ˙20/2 +
V (φ0)]/(3M
2
p ).
The onset of preheating can be chosen at the end of
inflation. The field value at this time, tf , is given by
violation of the slow roll (tf ) = 1, which yields φ0(tf ) =
0.94Mp.
In the previous section, we have shown that in the
Minkowski space-time (H = 0) the fluctuations are en-
hanced by the background oscillations with Φ ≈Mp, and
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FIG. 5. Time evolution of the background from t =
10−1[1/M ] to t = 104[1/M ]. The vertical axis φbg = φ0 is the
amplitude of the background field, and the horizontal axis t
is cosmic time in units of M−1.
it takes ∆t & 100 [1/M ] to grow significantly. In the ex-
panding universe, however, since the amplitude of the
oscillating background field damps as φ0 ∝ a−3/2 ∝ t−1,
φ0 becomes too small to induce the growth of the fluc-
tuations after a hundred unit times or a few tens of os-
cillations: φ0(tf + ∆t) ≈ 0.94Mp/100 ∼ O(10−2)Mp.
Therefore, instabilities due to parametric self-resonance
would not grow after R2-inflation.
Fig. 5 shows the time evolution of the background field
value. We have numerically integrated Eqs. (60) and (61)
with the Runge-Kutta 4-th order method. We have set
the initial field value as φ0(tini) = 1Mp for definiteness.
The envelope of the field value φ0 is indeed decreasing
as t−1. We find that inflation ends at t ≈ 4 [1/M ] and
φ0 ≈ 0.9Mp, and that φ0 ∼ O(10−2)Mp after a hundred
unit times t ∼ 100 [1/M ] as was estimated.
Fig. 6 shows that the time evolution of the field
fluctuations δφk for comoving wave numbers k from
2pi× 10−2 [M ] to 2pi× 10 [M ] which cover self-resonance
modes studied in Fig. 1. We have set the initial values
of the fluctuations as δφk = 10
−5 [MpM−3/2] for every
k-mode. We find that fluctuations are indeed decreased
by the expansion of the universe. This means that the
parametric self-resonances cannot overcome the effect of
the expansion, and thus instabilities do not occur during
the reheating epoch in the absence of the back-reaction
from the metric of space-time.
B. Metric preheating
We will now take the metric perturbations into ac-
count. Under the coordinate (gauge) transformation
t → t + δt, the field and the scale factor are trans-
formed as φ(x, t + δt) ' φ0(t) + δφ(x, t) + φ˙0(t)δt
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FIG. 6. Time evolution of the fluctuations from t = 0[1/M ]
to t = 104[1/M ]. Each line is the snapshot of the spectrum of
the fluctuations at t = 0, 10, 102, 103, 104[1/M ]. The vertical
axis δφk is the Fourier mode of the fluctuation δφ(x), and the
horizontal axis k is the corresponding momentum.
and a(t + δt) ' a(t) + a˙(t)δt = a(t) + a(t)Hδt, re-
spectively. With an almost flat FLRW spatial metric
hij(x, t+ δt)dx
idxj ' a2(t)e2ζdx2i , we take Hδt = ζ and
φ(x, t + δt) ' φ0(t) + δφ(x, t) + φ˙0(t)ζ/H. Then, we
cannot separate fluctuations δφ and ζ since their linear
combination is physical. In this case, the gauge invari-
ant combination of the perturbations is known as the
Mukhanov-Sasaki variable [48]:
vk = a
(
δφk − φ˙0
H
ζk
)
, (64)
where ζk is the perturbation of the three curvature given
in Sec. II. During the post-inflationary oscillation phase,
ζk has a singular behavior, which can be avoided by in-
stead using the EOM for vk (Mukhanov-Sasaki equation
[48]) [49–54]. In a flat gauge (i.e., on the zero curvature
time slice, ζk = 0), the Mukhanov-Sasaki equation reads
δφ¨k + 3Hδφ˙k +
[
k2
a2
+ V ′′(φ0) + ∆F
]
δφk = 0, (65)
where the back-reaction from the metric perturbations is
given by
∆F ≡
˙2φ0
M2pH
V ′(φ0) +
φ˙20
M4pH
2
V (φ0). (66)
The background equations are given by Eqs. (61) and
(62).
We have numerically integrated the coupled Eq. (61),
(62) and (65) with the same numerical method as in the
previous calculations. Initial conditions for the back-
ground and fluctuations are set to the same values as
in the subsection IV A.
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FIG. 7. Time evolution of the fluctuations from t = 0[1/M ]
to t = 104[1/M ] with the Mukhanov-Sasaki equation. Each
line is the snapshot of the spectrum of the fluctuations at t =
0, 10, 102, 103, 104[1/M ]. The vertical axis δφk is the Fourier
mode of the fluctuation δφ(x) and the horizontal axis k is the
corresponding momentum.
Fig. 7 shows the evolution of the fluctuations from
t = 0 [1/M ] to 104 [1/M ] for comoving wave numbers
between k = 2pi × 10−2[M ] and 2pi × 10[M ]. We can
see that the fluctuations are damped for the larger k-
modes due to the Hubble expansion as in Fig. 6. For
the smaller k-modes, on the other hand, we find growth
of the fluctuations. The instability occurs near the hori-
zon scale k ∼ 1[M ], and its growth is balanced with the
Hubble expansion. This result agrees with the previous
works [51–54] in which the evolution of the sub-horizon
scale Mukhanov-Sasaki variable is calculated during the
oscillation epoch with a quadratic potential.
In Fig. 7, one may notice that there is a decrease of
the fluctuations on large scales at t = 100 [1/M ]. This
damping is caused simply by phase dependence of the
fluctuations: δφk ≈ fk(t) cos(ωkt) with ωk =
√
k2 +M2,
where the amplitude fk(t) is constant in time. (This
phase dependence can be found also in Figs. 1, 4 and 6.)
To see this clearly, we define a phase independent variable
as [14]
nk =
ωk
2
(
|δφ˙k|2
ω2k
+ |δφk|2
)
, (67)
where we have ignored a contribution from the zero point
energy. This quantity is the phase-independent occupa-
tion number of the created particles δφk whose time evo-
lution is shown in Fig. 8. The number of the created
particles jumps to 5 at the first half-oscillation and stays
constant afterward for k .M .
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FIG. 8. Time evolution of nk from t = 0[1/M ] to t =
104[1/M ]. Each line is the snapshot of the spectrum of nk
at t = 0, 10, 102, 103, 104[1/M ]. The horizontal axis k is the
comoving momentum corresponding to each nk.
C. Analytical understanding
The balance between parametric resonance and Hubble
damping for scales k .M can be understood as follows.
The background Eq. (62) can be solved approximately as
φ0(t) ' φ0(tini)
(aini
a
) 3
2
sin (Mt), (68)
which is consistent with Fig. 5. By plugging the approx-
imate solution into the perturbed Eq. (65), we find the
frequency:
ω2k '
k2
a2
+M2
(
1−
√
6
φ0
Mp
+
2φ˙0φ0
HM2p
)
, (69)
where terms decaying as a−3 or faster have been ignored.
The last two terms decay as a−3/2; since resonances are
induced by a linear combination of the two terms, let us
first analyze the last term that is from back-reaction of
the metric.
In this case, ω2k ' k2/a2 + M2 + 2φ˙0φ0M2/(HM2p ).
Defining δ˜φk ≡ a3/2δφk and Tˆ ≡Mt−pi/4, the perturbed
Eq. (65) reads
δ˜φ
′′
k +
[
A3k − 2q3 cos(2Tˆ )
]
δ˜φk = 0, (70)
where terms decaying as a−3 (e.g. H2 and H˙) or faster
have been ignored and
q3 ≡ a
3
iniφ
2
0(tini)M
2a3HM2p
, (71)
A3k ≡ 1 + k
2
a2M2
. (72)
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Since q3 decreases below unity as a
−3, broad resonance
does not happen. The narrow resonance condition (52)
yields for the first band
0 ≤ k
M
. ainiHini
√
3aini
aHM
, (73)
where we have used 3M2pH
2
ini 'M2φ20(tini)/2. Thus, the
first instability band starts from k . aini
√
3HiniM at
t = tini and broadens as a
1/4.
Since the Floquet index is given by µ = q3/2, the
modes in the first band grow as
δ˜φk ∝ exp
(∫
q3
2
dTˆ
)
= exp
(
a3iniφ
2
0(tini)M
2
2M2p
∫
dt
a3H
)
' exp
(
3
2
∫
da
a
)
. (74)
Therefore, resonant modes of δφk stay constant as δφk =
a−3/2δ˜φk = constant, which accounts for the low fre-
quency regions of Figs. 7 and 8.
The second band appears within
3a2 − 3a
6
iniH
4
ini
4a4H2M2
. k
2
M2
. 3a2 + 15a
6
iniH
4
ini
4a4H2M2
, (75)
whose width narrows as a−1, and disappears quickly.
Let us next consider the second-to-last term in the fre-
quency (69) that is from self-interaction of the scalaron.
This case corresponds to subsection IV A, and ω2k '
k2/a2 + M2 − √6φ0M2/Mp. Defining δ˜φk ≡ a3/2δφk
and 2Tˆ ≡ Mt − pi/2, Eq. (65) reads Eq. (70) whose q3
and A3k are replaced with
q4 ≡ 2
√
6
φ0(tini)a
3/2
ini
Mpa3/2
, (76)
A4k ≡ 4 + 4k
2
a2M2
. (77)
Although q4 = 4
√
6 > 1 at t = tini, the q4-parameter gets
smaller than unity within a few e-folds of the expansion as
q4 ∝ a−3/2. The first narrow resonance condition yields
a band with
k2
M2
< −3
4
a2 +
√
6φ0(tini)a
3/2
ini
√
a
2Mp
, (78)
which closes rapidly as a2. The second narrow resonance
condition yields a band with
k2
M2
<
5φ20(tini)a
3
ini
2M2pa
, (79)
which narrows as a−1. In Sec. III, we learned that it
takes t & 103 [1/M ] for instabilities to grow in the sec-
ond resonant band; the value of q4 is too small before this
time. In fact, we have confirmed that there is no instabil-
ity in Fig. 6 by using a variable a3/2δφk that counteracts
the effect of the Hubble expansion. Thus, the resonance
band closes and instabilities stop growing long before the
growth overcomes the Hubble damping.
Finally, one may notice that there are intermediate
regions of blue spectra with |δφk|2 ∝ k for k & M in
Figs. 6 and 7. For sufficiently higher k-modes, the spec-
tra are flat (not shown for t = 103 [1/M ] and 104 [1/M ]).
The appearance of the blue spectra can simply be un-
derstood by the time evolution of δφk in the absence
of interactions. For k > aM , Eq. (65) is approximated
by δ¨φk + 3H
˙δφk + (k/a)
2δφk ' 0 whose solution is
δφk ∝ a−1; while for k < aM , δ¨φk+3H ˙δφk+M2δφk ' 0
whose solution is δφk ∝ a−3/2. Since physical k-modes
are stretched by the cosmic expansion, more modes be-
come “heavy” and decay relatively faster as time passes.
Thus, the flat spectra develop to the blue spectra for
k < aM .
V. CONCLUSION
In this paper, we have studied a possibility of the
formation of soliton-like objects (oscillons/I-balls) after
Starobinsky’s R2 inflation model. If they were formed,
the reheating scenario would be significantly altered from
the standard perturbative analysis, thereby resulting in
modifications of the predictions for observable spectra
of curvature and gravitational wave fluctuations. Since
the reheating after R2 inflation proceeds through gravi-
tational particle productions, the lifetime of the scalaron
is rather long and oscillating excessively many times at
the minimum of its potential (13). In the meantime, the
frequency ωk of the scalaron fluctuations is periodically
changing in time and parametric self-resonances occur in
both narrow and broad instability bands, depending on
the background spacetime. If the scalaron fluctuations
reach δφ ∼ φ0, soliton-like objects would be formed; thus,
parametric amplification of the fluctuations is a necessary
condition for oscillons/I-balls. More precisely, strong res-
onance with the Floquet index [µkM/H]max & 10 is a
both necessary and sufficient condition for the formation
of oscillons/I-balls (see the fourth Ref. of [20]).
In Sec. III, we have shown that parametric self-
resonances induce instabilities in a static Minkowski
background both numerically and analytically. For the
amplitude of the scalaron oscillations Φ < 0.2Mp, nar-
row resonance induces the exponential growth of fluc-
tuation modes within the second instability band (54):
0 ≤ k < 2MΦ/(√3Mp). For Φ > 0.2Mp, broad reso-
nance induces instabilities by violating the adiabaticity
|ω˙k|/ω2k > 1 for the modes with Eq. (51) if Φ . 2Mp and
for those with Eq. (59) if Φ & 2Mp, respectively. There-
fore, the formation of oscillons/I-balls is likely to happen
at particular scales in this case.
In Sec. IV, we have shown that parametric self-
resonance is ineffective in an expanding Friedmann back-
ground. If the back-reaction from the metric is included,
the metric preheating happens due to the first narrow
12
resonance band with 0 ≤ k . ainiHini
√
3ainiM/(aH) in
which the growth rate of scalaron fluctuations is balanced
with the Hubble damping effect. In this case, however,
resonance is not strong enough to form oscillons/I-balls
since the Floquet index is too small. Other resonance
bands due to self-interactions disappear quickly as the
universe expands. Therefore, contrary to the Minkowski
space analysis, the formation of oscillons/I-balls is not
possible in an expanding universe. As a result, the cos-
mological scenario in Sec. II is unchanged, holding the
original predictions of the R2 inflation.
The oscillating scalaron produces not only itself by the
self-resonances but also almost all particles in the stan-
dard model as explained in Sec. II. Although we have
not included the back-reaction of the produced particles
during preheating in Sec. IV, if this effect is taken into
account, it leads to faster decay of the scalaron amplitude
as 〈φ20(t)〉 ≈ (ρφ,ini/M2)(a/aini)−3 exp [−Γtot(t− tini)],
where ρφ,ini ≈ M2φ20(tini)/2 and the scalaron decay rate
Γtot is given by Eqs. (32), (33) and (34). Even though the
factor exp (−Γtott) is not significant when 3H > Γtot, it
further diminishes the chances of producing oscillons/I-
balls.
Our result also applies to the symmetric potential
(slightly shallower than quadratic away from the mini-
mum) of conformal-type Higgs inflation [55] in the ab-
sence of massive gauge bosons. It would be interesting
to look for oscillons/I-balls formation in the Higgs infla-
tion after which strong parametric resonances occur in
the presence of electroweak gauge bosons [56].
The above mentioned metric preheating was also re-
ported in chaotic inflation models with monomial po-
tentials [51–54]. Especially in Refs. [54], they pointed
out the possibility of the breakdown of the coherent os-
cillations before the universe expands ∼ e13 or so dur-
ing the oscillation phase; the growth of density contrast
δρ/ρ ∼ 1 makes the universe inhomogeneous. In the R2
inflation, the reheating temperature is predicted to be
∼ 109 GeV; this instability is likely to grow to form non-
linear small-scale structures, such as halos [53], primor-
dial black holes [57], and so on, which would also result
in the gravitational wave signals detectable in the future
space interferometer like DECIGO (see the third Ref. of
[17] and the second Ref. of [39]). If we extend gravita-
tional interaction with matter sector to non-minimal one,
preheating can be more efficient even in R2 inflation [58].
We will leave these possibilities for future work.
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